Recently, an increased interest has been demonstrated in evaluating hearing aids (HAs) inside controlled, but at the same time, realistic sound environments. A promising candidate that employs loudspeakers for realizing such sound environments is the listener-centered method of higher-order ambisonics (HOA). Although the accuracy of HOA has been widely studied, it remains unclear to what extent the results can be generalized when (1) a listener wearing HAs that may feature multimicrophone directional algorithms is considered inside the reconstructed sound field and (2) reverberant scenes are recorded and reconstructed. For the purpose of objectively validating HOA for listening tests involving HAs, a framework was developed to simulate the entire path of sounds presented in a modeled room, recorded by a HOA microphone array, decoded to a loudspeaker array, and finally received at the ears and HA microphones of a dummy listener fitted with HAs. Reproduction errors at the ear signals and at the output of a cardioid HA microphone were analyzed for different anechoic and reverberant scenes. It was found that the diffuse reverberation reduces the considered time-averaged HOA reconstruction errors which, depending on the considered application, suggests that reverberation can increase the usable frequency range of a HOA system.
I. INTRODUCTION
A large number of hearing research projects in psychoacoustics, audiology, and hearing devices technology are currently undertaken in laboratories, aiming at providing new insights on hearing loss, its prevention, and the required intervention. The outcomes of this research and development need to be thoroughly evaluated in realistic conditions to ensure that the theories that are formulated and tested in the laboratory also apply in the complex acoustical scenarios encountered in everyday life.
Currently, traditional listening tests involving hearing aids (HAs) are typically performed either in a controlled manner, but under over-simplifying assumptions (e.g., laboratory setups typically using 2-8 horizontal-plane loudspeakers), or in realistic environments, but with limited control or repeatability (e.g., field studies). Cord et al. (2004) examined the advantage of directional HA microphones as measured in the laboratory (4 loudspeakers at 0 , 90 , 180 , and 270 inside a treated booth with floor size: 3:0 Â 2:5 m) and found it to be a poor predictor of the user benefit in everyday life. Ricketts (2000) , Revit et al. (2007) , and Compton-Conley et al. (2004) also demonstrated that the testing environment significantly affects the estimated HA benefit. A plethora of anecdotal observations also supports this discrepancy between laboratory test results and real-life benefit, highlighting the need to develop and establish controlled realistic environments for more ecologically-valid listening experiments.
In order to bridge the gap between artificial laboratory scenes and real-world environments, researchers (Rycht arikov a et al., 2009; V€ olk and Fastl, 2010; Mueller et al., 2012) have employed binaural technology to present sounds via headphones. This method ideally requires that individual head-related transfer functions (HRTFs) are measured for every listener. However, (1) it precludes head movements, unless a head-tracking system is applied; (2) it disregards the significant, especially at low frequencies, acoustic path contribution (leakage) of the ear-HA system; and (3) it precludes the use of the subject's own or off-the-shelf HAs.
Using a loudspeaker-based virtual sound environment (VSE) to create a realistic three-dimensional (3D) audio scene appears to be a more flexible candidate for listening tests with HAs (Minnaar et al., 2010) . The "Simulated Open-Field Environment" system (Seeber et al., 2010; Kerber and Seeber, 2013) and the sound reproduction system described by Favrot and Buchholz (2010) , for example, have been such attempts to induce realism into laboratory testing. Loudspeaker-based VSEs can be generated either by acoustically simulating or by recording a given environment and then decoding the scene information to appropriate loudspeaker signals. The main methods used to derive loudspeaker signals from simulated or recorded acoustic information are: (1) direct mapping of sources to single loudspeakers (Seeber et al., 2010) , (2) vector base amplitude panning (Pulkki, 2001) , (3) wave field synthesis (WFS) (Berkhout et al., 1993) , and (4) higher-order ambisonics (HOA) (Daniel, 2001; Poletti, 2005) . The first two methods aim at recreating faithful perception attributes for the reconstructed virtual sources while the remaining two aim at physically reconstructing the sound field inside a defined region.
Even though any of these sound reproduction techniques may be considered for testing HAs, this study solely investigates the accuracy and limitations of HOA. The rational for favoring a method that aims at physically reconstructing the sound field is that the HA processing-particularly when involving multi-microphone techniques such as directional microphones and beamformers-considerably differs from the human auditory processing. Hence, a method that mainly relies on the reconstruction of perceptual attributes may influence the HA processing in a non-controlled way. Moreover, HOA is chosen over WFS due to a number of advantages it offers (Daniel et al., 2003) for the given application where a single listener is seated at the center of the loudspeaker array: (1) it aims at optimizing the sound-field reconstruction only at the centered region (sweet spot) rather than a whole area, and (2) it is a scalable format, thus the field encoding is completely decoupled from the decoding, which can be easily executed on almost any loudspeaker array, thereby simplifying the sharing of stimuli between laboratories. However, the temporal behavior of HOA, particularly outside the reproduction sweet spot and at high frequencies, is characterized by artifacts that may perceptually be more disturbing than those incurred by WFS (Ahrens and Spors, 2009; Ahrens et al., 2010) .
A large number of studies have systematically investigated the limitations of HOA sound-field reproduction, including the limitations that are introduced when practical loudspeaker and microphone systems are applied (Ward and Abhayapala, 2001; Daniel, 2001; Poletti, 2005; Moreau et al., 2006; Epain et al., 2010) . Most prominently, HOA exhibits pressure errors that increase with frequency and distance from the center of the loudspeaker array. Additionally, system noise becomes an important factor when a microphone array is employed to encode the sound field.
To better understand the effect of HOA on the processing of HAs (or other hearing devices), the sound signals picked up by these devices have to be analyzed. Inevitably, this analysis needs to include the effect of the listener's head inside the reproduced sound field. Even though most of the HOA limitations are very well understood in free-field conditions, only very few studies have taken into account the effect of the listener's head (Daniel, 2001; Epain et al., 2010) . Hence, a major contribution of the present study is that it provides such a detailed analysis. This is accomplished by employing non-individual HRTFs to map the signals that are presented to an example loudspeaker array to the signals at a dummy listener's ears and HA microphones.
Moreover, since most HAs employ directional microphones to improve the signal-to-noise ratio (SNR) in noisy conditions, the present work analyzes how HOA affects their output. Directional microphones exhibit higher sensitivity to small amplitude and phase variations than the auditory system and thus are expected to show an increased sensitivity to HOA reconstruction errors. Sections IV B 2 and IV C 2 investigate this aspect by analyzing the output of an example directional HA microphone. It should be emphasized that this study solely investigates the effect of HOA on the output of a HA that includes a static directional microphone processing. This provides a crucial first step before one can investigate the effect of HOA on other, more advanced, HA signal processing methods, such as nonlinear amplification (or wide dynamic range compression), noise reduction, dereverberation, or (bilateral) adaptive beamformers (for an overview of typical HA features refer to Kates, 2008) .
Concerning the nature of the reconstructed sound field, the existing studies have analyzed and optimized HOA coding for single, anechoic sound sources, such as ideal point sources or plane wave sources. To the best knowledge of the authors, no study has taken into account the effect of multiple sound sources and room reverberation in a thorough and analytical manner. Hence, another key contribution of this paper is that it presents a systematic evaluation of HOA when employed to reconstruct realistic reverberant soundfields (Sec. IV C). Computer-based room simulation techniques are employed here to simulate the sound field inside an example office space (Sec. III A). Following, the errors introduced by the HOA encoding and decoding operations are analyzed. The results (discussed in Sec. V C) suggest that the reverberation may mitigate part of the HOA limitations, effectively extending its useful frequency range beyond the limits reported in literature (Ward and Abhayapala, 2001; Moreau et al., 2006) , which are derived for idealized anechoic sound fields.
Finally, the present work proposes a practical method to assess how the noise inherent in a microphone array limits the accuracy of HOA. Thereby, Secs. III B 1 and IV A compare the total HOA system noise produced at a listener's ears to the threshold of hearing. This analysis extends established performance measures, such as the white noise gain (WNG) (Rafaely, 2005) , which do not provide sufficient information on the audibility of the total noise produced by a given HOA microphone array.
Apart from the above objective measures employed to characterize the errors introduced by the HOA sound-field coding, a number of perceptual measures, such as the sound coloration, apparent source width, or localization accuracy, could have been examined. However, it is unclear how the limitations revealed in these basic perceptual measures translate into real-life performance changes of aided hearing impaired listeners in terms of speech intelligibility, particularly when complex (i.e., reverberant, multi-source) environments are reconstructed with HOA. Hence, even though these perceptual aspects are highly relevant and ultimately need to be investigated in the future, they are considered as being out of the scope of the present study.
The remaining paper is organized as follows: Section II provides a summary of the fundamental HOA signal processing that is applied throughout the entire study. All methods that are applied to systematically analyze the effect of HOA on directional HAs operating in anechoic, as well as reverberant, environments are described in Sec. III. That section presents details on the applied acoustic room modeling techniques, on the sound field coding and binaural resynthesis, on the directional microphone implementation, on the applied performance measures, as well as on the choice of appropriate reference conditions. The derived results and HOA limitations are presented in Sec. IV and discussed in Sec. V. The study is finally concluded with a brief summary of the findings in Sec. VI.
II. HIGHER-ORDER AMBISONICS
A. Fourier-Bessel series expansion HOA is a mathematical concept that permits the decomposition and re-synthesis of sound fields. It is based on the representation of acoustic waves in space as weighted sums of spherical harmonics, an orthogonal system that can be used to expand any square-integrable function on the unit sphere (Williams, 1999) . The use of spherical harmonics provides a convenient tool to approach the problem of sound field reconstruction.
In the following, the notation used by Daniel (2001) and Moreau et al. (2006) is adopted, i.e., the study uses real-valued spherical harmonic functions (SHFs) and a spherical coordinate system where elevation d is measured from the horizontal plane and azimuth h increases counterclockwise, as seen from positive z-axis. The pressure at a point r ¼ ðr; h; dÞ inside a source-free region X r L can thus be written as
is the imaginary unit, j m ðkrÞ is the spherical Bessel functions of degree m, k is the wavenumber, B r mn is the expansion coefficients or simply HOA components, and Y r mn ðh; dÞ is the real-valued SHFs of degree m and order n, defined as
where d 0;n is the Kronecker delta, which equals 1 for n ¼ 0 and 0 elsewhere, and P mn is the associated Legendre functions [as defined, for example, by Daniel (2001) , i.e., dropping the ðÀ1Þ m term used by Williams (1999) and other researchers].
In this study, the SHFs are normalized to have unit power. Additionally, an implicit time dependence of e þixt is assumed for the wave solution, such that a plane wave of the form e ikÁr represents an incident wave. Therefore, the wave vector k shows the incidence rather than the propagation direction.
B. Decoding to a loudspeaker array HOA reproduction is commonly based on the plane wave expansion. A unit-amplitude plane wave characterized by the wave vector k ¼ ðk; h k ; d k Þ, can be expressed (Daniel, 2001) in the form of Eq. (1) with HOA components given by the SHFs sampled at the direction of the wave incidence
For small arguments kr, the values of the radial weights j m ðkrÞ in Eq. (1) decrease with increasing degree m (Moreau et al., 2006; Williams, 1999) . This permits the truncation of the infinite sum to a degree m ¼ M, referred to in literature as the order of the HOA system. The infinite series truncation incurs a spatial band limiting error commonly quantified in literature by the normalized truncation error (Ward and Abhayapala, 2001) . Assuming that for most practical applications the normalized truncation error satisfies: ðkrÞ < 4% ¼ À14 dB, the above authors deduce a rule of thumb for the product kr,
where r o is the radius of the reproduction area of interest and dÁe is the ceiling function rounding its argument upwards to the next integer value. Based on Eq. (4) an upper cutoff frequency for accurate HOA reproduction is commonly defined as
where c ¼ 343 m=s represents the speed of sound at usual room conditions. The HOA reproduction operation can be formulated as follows: given a spherical array of L loudspeakers placed at angles ðh l ; d l Þ and emitting plane waves weighted by the gains s l , we need to derive the optimum values for those gains in order to resynthesize a desired sound field characterized by the HOA components B r mn [effectively a weighted sum of Y r mn ðh k ; d k Þ SHFs describing a superposition of plane waves emanating from different positions k]. Using a compact matrix notation to express the linear-equations system that describes the above operation (Daniel et al., 2003; Poletti, 2005) yields
where the ½U Â L matrix C contains the U ¼ ðM þ 1Þ 2 SHFs Y r mn ðh l ; d l Þ as sampled by the loudspeakers, the ½L Â 1 vector s contains the loudspeaker gains s l , and the ½U Â 1 vector b contains the HOA components B r mn characterizing the field to be reconstructed.
Assuming that the number of loudspeakers L is at least equal to the number of HOA components (L ! U for 3D reproduction) the solution of the above underdetermined system (i.e., fewer constraining equations [defined by the total number of SHFs] than the number of unknowns [number of loudspeaker gains]) can be derived aŝ
where the hat ðÁ Þ denotes the least-squares solution, the superscript ðÁÞ T symbolizes the matrix transpose (this study uses real-valued SHFs such that the conjugate transpose is equivalent to a simple transpose), ðÁÞ À1 denotes matrix inversion, and pinvðÁÞ is the Moore-Penrose pseudoinverse operator. The above solution to the system is unique among the possibly infinite solutions in that it minimizes the total loudspeaker energy kŝk 2 . The pseudoinverse matrix pinv(C) is typically called the decoding matrix D.
Generally, C can be ill-conditioned, requiring the application of regularization techniques (Poletti, 2005) to solve Eq. (6). Alternatively, if quasi-regular loudspeaker setups (Fliege, 2007) are employed, then the matrix C results in being well-behaved as, for example, shown by Duraiswami et al. (2005) . The ill-conditioning of C is due to the discrete way the loudspeakers sample the SHFs, which, in turn, may violate the orthonormality property.
The Moore-Penrose pseudoinverse, as used in Eq. (7), provides the least-squares solution, given C is of full row rank (i.e., right invertible). In the general case this condition is not guaranteed and the formulation of pinv(C) as C T ðCC T Þ À1 can potentially result in unstable solutions. This study, however, computes the pseudoinverse using MATLAB's pinv function which employs a robust singular-value decomposition method, with the singular values that are lower than a given threshold being treated as zero ("truncated singularvalue decomposition" method). In that way, stable-albeit potentially sub-optimal (Solvang, 2008) -solutions for the loudspeaker gains can be derived even if the system is illconditioned. For a more detailed and rigorous formulation of the decoding operation the reader is referred to Spors (2009, 2012) and Fazi (2010) . Specifically, their works treat in an exhaustive way the versatile concept of continuous source distributions, which offers an in-depth understanding of the spatial aliasing due to the discretization of the reproduction array.
C. Modified (max-r E ) decoding
Since HOA does not control the sound field at frequencies above the estimated frequency cutoff given in Eq. (5), it is beneficial to modify the decoded loudspeaker signals so that most of the energy is emitted by loudspeakers that are close to the expected direction of the virtual sound. This is effectively the goal of the "max-r E " modified decoding method proposed by Daniel et al. (1998) . Formally defined, the max-r E decoding aims at maximizing the norm r E of the energy vectorẼ. Although the energy vectorẼ does not directly correspond to a physical property of the system, Daniel et al. (1998) and Daniel (2001) suggested that its norm r E is related to the concentration of the high frequency energy in the direction ofẼ. Therefore a solution that maximizes r E results in perceptually focusing the high frequency energy toward the expected direction. Daniel et al. (1998) also showed that this method improves the reconstruction of Interaural Level Differences.
However, such a solution reduces the norm r V of the velocity vectorṼ (Daniel, 2001 ) which translates into a degradation of the sound-field reconstruction at low frequencies. Hence, this modified decoding should only be used above a frequency threshold f x , usually lying close to the threshold f HOA .
The max-r E decoding involves the use of orderdependent gains g m , which weigh the elements of the decoding matrix D, effectively tapering the contribution of higher order components
where the diag½Á function returns a square ½U Â U diagonal matrix whose main diagonal elements are equal to the input argument vector. The gain values g m , along with the way they are derived, are given by Daniel (2001, p. 183 ).
D. Sound-field encoding with a microphone array
So far it has been assumed that the positions of the considered plane wave virtual sources are known so that Eq. (3) can be used to derive the HOA components B r mn required for Eq. (7) to yield the loudspeaker gains s l (HOA decoding operation). However, in real-life scenarios, the positions of the sources are unknown, hence the components B r mn need to be estimated. A spherical microphone array is usually employed for that purpose, performing the so-called HOA encoding of the acoustic scene.
In this study we consider the most frequently used robust implementation (Poletti, 2005) of a rigid sphere of radius R using Q flush-mounted omnidirectional microphones. To illustrate the encoding process, we first assume a theoretical, continuous pressure spherical microphone of radius R. The pressure on its surface, due to an impinging wave characterized by the HOA components B r mn , can be calculated (Moreau et al., 2006; Williams, 1999) 
with the rigid sphere mode strength term W m ðkRÞ defined by
where h ð2Þ m ðkRÞ is the mth degree spherical Hankel function of the second kind and the prime ðÁÞ 0 denotes the derivative of the Hankel function with respect to its argument kR.
Given the pressures on all Q pressure sensors on the rigid sphere, the sound-field HOA components can be estimated using a quadrature approximation of the inverse spherical Fourier transform integral (Rafaely, 2005 ). An alternative method to estimate the HOA components from the microphone signals that does not require a quadrature can be formulated exploiting the matrix notation in a similar way as presented in Sec. II B. Sampling Eq. (9) at the microphone positions ðh q ; d q Þ and converting the summations to matrix multiplications, the following compact notation (Moreau et al., 2006) can be derived: 
where the kR dependence has been dropped for conciseness. All elements of the aforementioned matrices are relevant to a single frequency point. Hence, characterizing a broadband sound field necessitates the consideration of Eq. (11) separately for every frequency of interest. Assuming Q ! U, the least-squares solution of the underdetermined linear-equation system of Eq. (11) can be written (Moreau et al., 2006; Poletti, 2005) aŝ
where E denotes the encoding matrix. The equalization diagonal matrix diag ½H eq;3D ðkRÞ forms its diagonal elements H eq;m ðkRÞ by inverting, one-by-one, the terms of Eq. (12). Inverting the mode-strength terms poses implementation problems due to the very low value of high-degree (m) functions W m ðkRÞ at low frequencies (Moreau et al., 2006) . Increasing the radius R of the microphone shifts the resulting large gains to lower frequencies, at the expense of also shifting spatial aliasing problems to lower frequencies. For a comprehensive analysis of the physical limitations of microphone arrays, such as for example, the aforementioned spatial aliasing resulting from the discretization of the sound-field capturing, refer to the works of Moreau et al. (2006) , Rafaely (2005 Rafaely ( , 2007 , and Abhayapala and Ward (2002) . Estimating the HOA components at low frequencies, without having to resort to a large radius R design, is commonly treated by applying Tikhonov regularization (Moreau et al., 2006; Poletti, 2005) to the solution of Eq. (13). Effectively, the equalization terms are modified so thatH
where the parameter k controls the amount of regularization, with higher values yielding a more regularized solution. The parameter k tapers off the high magnitudes of the inverse of the mode strengths (radial equalization filters) at low frequencies (Moreau et al., 2006, Fig. 19 ) so that the microphone self-noise is not excessively boosted. It should be noted here that this study employs no further method to control and optimize the high-frequency errors (due to microphone aliasing) of the encoding operation. Combining Eqs. (7), (13), and (14), the loudspeaker signals can be derived as
with the tilde ðÁ Þ here denoting a regularized-concerning the microphone encoding-solution andT being an ½L Â Q matrix combining the signals captured by Q microphones to create the signals driving L loudspeakers.
III. METHODS
Figure 1 summarizes the simulation framework that this study employs to systematically analyze the limitations of HOA reproduction for HA testing applications. The framework consists of an acoustic scene simulation stage (left section), a sound-field coding stage (middle section), and a playback stage (right section). Reverberant scenes were simulated using the room acoustics software ODEON (ODEON A/S, Copenhagen, Denmark) The simulation resulted in the definition of a number of image sources, representing the first specular reflections of the room's response, as well as an energybased description of the diffuse (Late) room reverberation. This information was then mapped onto a grid of auxiliary plane wave sources using the LoRA toolbox . The derived signals at the auxiliary sources formed the output of the acoustic scene simulation stage.
In the subsequent sound field coding stage, different methods were applied to map the auxiliary sound source signals to a (virtual) playback loudspeaker array. On the one hand, an idealized coding method ( hand, a HOA "Decoding-only" method ( Fig. 1, path 2) and an "Encoding and Decoding" method ( Fig. 1 , path 3) were realized to separately investigate how the HOA encoding and decoding operations contribute to the total reproduction error. Finally, in the playback (synthesis) stage, binaural signals were derived by employing HRTFs as well as Behind-theEar-HA-related transfer functions, BTE-TFs, to simulate the acoustic path from each loudspeaker to the listener's eardrums and HA microphone-pairs, respectively. For each HA microphone-pair the signals were then combined to form the output of a directional HA microphone. For reference purposes, the traditional free-field case was also considered inside the loudspeaker array by omitting the acoustic manikin. For this free-field case, the reconstructed pressure was examined at the fictitious ears of a "transparent head," characterized by the spherical coordinates: ðr e ; h e ; d e Þ ¼ ð0:09 m; 690 ; 0 Þ. In Secs. III A-III D, a detailed description of all the simulation stages shown in Fig. 1 is presented.
A. Acoustic scene simulation
In order to gain an understanding of the practical realworld limitations of HOA sound reproduction, this study considers simulated reverberant acoustic scenes. The advantage of simulated, as opposed to measured, acoustic scenes lies in having access to the detailed spatial, temporal, and spectral information of sound waves as they are reflected, scattered, and diffracted by objects and boundaries of the room.
Room model
A typical small office room (3.6 Â 4.4 Â 2.7 m) was modeled in ODEON, following the shape and acoustics of a meeting room at the National Acoustic Laboratories. This room was chosen so that a reasonably, yet not excessively, reverberant field was generated, providing a good balance between direct sound and reverberant energy. The sound sources that were used in the room acoustics simulation modeled the spectrum and directivity (Q ¼ 1:6) of a human talker with a normal vocal effort, which in ODEON was realized by the directivity patter "Tlknorm_NATURAL." All sources were placed at a distance r src ¼ 1 m from the receiver. The simulation resulted in an estimated reverberation time of T 30 ¼ 0:3 s and a critical distance [Kuttruff, 2000, Eq. (5.40) ] of r c % 0:85 m. Moreover, the direct-to-reverberant ratio calculated at the position of the receiver, but without a dummy head in place, ranged between À1 dB and 0 dB for sources 1-3. Figure 2 illustrates the simulated acoustic scene. Source locations 1 and 2 (h src ¼ 0 ; À60 ) were used for the error analysis of the HOA reconstruction of a front versus a lateral source (Secs. IV B 1 and IV C 1). The location of source 2 was chosen to yield a substantial head shadowing effect (Oreinos and Buchholz, 2013, Fig. 5) , minimizing the direct energy reaching the left ear. Source locations 1 and 3 (h src ¼ 0 ; À150 ) were used for the analysis of the HOA errors incurred on the response of the considered directional (cardioid) HA microphone (Secs. IV B 2 and IV C 2. The location of source 3 was chosen such that the HA provided a considerable directional benefit.
The acoustic simulation in ODEON resulted in a spatial, multi-dimensional description of the room impulse response (RIR) characterizing the propagation of sound from all sources to the receiver inside the considered room. The direct signal (DS) and early reflections (ERs) were thereby treated as discrete image sources, with ODEON calculating the time and directions of arrival, as well as their spectrum in octave bands. The late diffuse reflections (Late) were not treated as discrete sources but were rather expressed as direction-and frequencydependent energy decay curves, in the form of directional intensity vectors estimated at discrete time intervals.
A large number of ERs were realized in ODEON by employing discrete image sources (i.e., using a high order N T ¼ 4 for the transition from early to late reflections) so that the main energy of the RIR was described deterministically, as opposed to being described stochastically, in terms of energy decay curves. The rationale was that reconstructing specular reflections as individual image sources would be more demanding, in terms of HOA accuracy, than integrating them in the diffuse reverberation.
In order to study the effect of source-receiver location inside the modeled room, four additional scenes were considered. These scenes only contained sources 1 and 2, but repositioned at four randomly-picked locations in the room with the constraint that the relative position to the receiver (also repositioned) was retained.
Moreover, an anechoic condition was simulated by keeping only the DS in the RIR of the initial scene (sources 1 and 2 considered in succession) RIR. On the one hand, this allowed studying the effect of adding reverberation on the HOA reconstruction error. On the other hand, it allowed direct comparison to literature results, which typically do not take into account room reverberation.
Rendering to auxiliary sound sources
Following the ODEON room acoustic simulation, the LoRA toolbox direction of each individual image source to the direction of the closest available auxiliary source. A grid of N DE ¼ 1784 auxiliary sources was chosen, corresponding to the positions of the extended HRTF data-set recorded by Oreinos and Buchholz (2013) , since these HRTFs were later used to derive ear and HA microphone signals (Sec. III C). Thanks to the very dense nature of the HRTF grid, the shifting process resulted in very small angular errors (Dh < 5 ), which, in the following, were considered negligible.
The procedure by which the diffuse (Late) part of the RIR description was mapped to a grid of auxiliary sound sources was somewhat more involved. ODEON describes the late reverberation via vector intensity decay curves in x-, y-, z-coordinates, as well as a total power decay curve. These decay curves were treated by LoRA as frequency-dependent envelopes derived in octave bands and independently mapped to the W; X; Y; Z channels of a first order ambisonics (B-format) coding scheme, following the rendering technique presented by Merimaa and Pulkki (2005) . The Bformat channels were decoded to N Lt ¼ 100 auxiliary sources, initially quasi-regularly distributed on a sphere (Fliege, 2007) and then shifted so that each auxiliary source was aligned with its closest point from the HRTF setup introduced above. The N Lt ¼ 100 B-format envelopes were then multiplied with N Lt sequences of uncorrelated Gaussian noise, yielding the impulse responses h Lt v ½n, with v ¼ 1; …; N Lt . It should be emphasized that only the envelopes of the largely diffuse, and thus not particularly directional, reverberation were coded in B-format. The fine structure (or carrier signal) on which these envelopes were applied to generate the actual RIRs consisted of filtered Gaussian noises, uncorrelated for each auxiliary source. This resulted in RIRs with a considerable diffusivity, which was only limited by the number and placement of auxiliary sources.
The LoRA impulse responses h DE u ½n and h Lt v ½n were normalized such that their Discrete Fourier Transform (DFT) represented sound pressure level (SPL) power spectrum densities at the receiver position. Further normalization was thereafter applied by dividing their DFT with the DFT of the DS impulse response alone (F fh DE 1 ½ng), as observed at the center of a head and torso simulator (HATS) with the HATS removed. This normalization is in agreement with the common definition of HRTFs (Blauert, 1997) . Hence, the frequency response of the auxiliary sources, at the output of the "Acoustic Scene Simulation" stage ( Fig. 1 ), can be expressed as
B. Sound field coding
Sound field coding refers to the method employed to generate loudspeaker signals that best reconstruct the original sound field inside the loudspeaker array. In this study, the initial sound field consisted of a simulated reverberant environment, expressed as the combined output of all auxiliary (plane wave) sound sources (Sec. III A 2). According to Fig. 1 (path 1) , the reference sound field was identical to the initial sound field, and was realized via a direct mapping technique (Seeber et al., 2010) , i.e., by simply replacing the N DE and N Lt auxiliary sources by virtual loudspeakers at identical locations. The relevant loudspeaker signal responses can thus be expressed as
In the HOA Decoding-only scheme (Fig. 1, path 2) , a set of L loudspeaker filters was derived via Eqs. (7) and (8), coding the N DE and N Lt auxiliary source signals into L playback loudspeaker signals. Section III C 2 describes the geometry of the loudspeaker array.
In the HOA Encoding and Decoding scheme (Fig. 1,  path 3 ), the sound field of the N DE and N Lt auxiliary sources was simulated by plane waves impinging from the directions of the individual auxiliary sources. This sound field was then captured by a virtual microphone array (see Sec. III B 1), resulting in Q microphone signals that were derived by calculating Eq. (9), using a high truncation order of M ¼ 60, separately for each individual auxiliary source. Applying Eqs. (13) and (14), the microphone signals were encoded into HOA componentsB r mn . Finally, the loudspeaker signals s l ðf Þ were derived using Eqs. (15) and (8).
Both HOA coding schemes resulted in loudspeaker signals that can be expressed as
wheres DE u;l ðf Þ ands Lt v;l ðf Þ are the lth loudspeaker HOA filters relevant to the decoding of the uth DS/ER and vth Late-part auxiliary source, respectively.
HOA microphone array considerations
The employed (simulated) HOA microphone array consisted of a rigid sphere of radius R ¼ 0:06 m, bearing Q ¼ 64 microphones, flush-mounted on the surface of the sphere. The individual microphones were simulated as pressure sensors with a flat frequency response, exhibiting the noise spectrum of standard Knowles HA microphones (Buchholz, 2013) . They were placed at the nodes of a quasi-regular setup (Fliege, 2007) , thus ensuring low SHF orthonormality errors. Choosing the radius R involved balancing contradictory design requirements. Increasing R shifts the excessive amplification introduced by the HOA encoding to lower frequencies (Moreau et al., 2006, Fig. 11) , thereby effectively extending the usable frequency range downwards. On the other hand, decreasing R reduces the solid angle between the microphones, which pushes the spatial aliasing frequency cutoff to higher frequencies (Rafaely, 2007) , thereby extending the usable frequency range upwards. After a manual iterative optimization process that considered the total microphone array noise as well as the pressure reproduction errors (see Sec. IV B 1) the chosen radius of R ¼ 0:06 m was found to be a good compromise. However, the described microphone array should only be considered as an example configuration employed to highlight the principle factors that need to be controlled when designing a HOA microphone array. The reader is referred to Rafaely (2005) for an extensive discussion on other practical considerations of microphone arrays, such as gain and phase mismatch, and sensor positioning errors, which were not considered in the present simulations.
C. Playback and sound-field synthesis
The final part of the simulation framework (Fig. 1) represents the playback of (virtual) loudspeakers, driven by the signals computed at the sound field coding stage (Sec. III B). The sound field synthesis was realized by employing a set of HRTFs H TF ðf ; h; dÞ representing the propagation from each playback loudspeaker either to the fictitious ears of a transparent head or to the ears and HA microphones of the HATS.
Considering the reference condition of the sound field coding stage (Fig. 1, path 1) , the normalized TF describing the reverberant source-receiver path can be expressed as the superposition of all the relevant loudspeaker signals, given by Eq. (17), individually filtered by an appropriate H TF ðf ; h; dÞ function Considering paths 2 and 3 of the sound field coding stage (Fig. 1) , the normalized TF describing the HOAreconstructed reverberant source-receiver path can be expressed as the superposition of all L loudspeaker signals [given by Eq. (18)]
1. HOA reconstruction error
Having calculated the reference (Fig. 1, path 1 ) and HOA-relevant (Fig. 1, paths 2 and 3) TFs that describe the sound propagation inside the considered acoustic scene, the HOA reconstruction error was calculated (in dB) as
and power-smoothed using a 1/6-of-an-octave-wide Hanning window. Applying to heuristics, it is herein assumed that an error of jE HOA ðf Þj 2 dB represents a sufficiently accurate reproduction of the original sound field. In the following, the pressure magnitude error E HOA will be simply referred to as "pressure error." Alternative metrics that also take into account the phase of the original and reconstructed sound field, e.g., the widely used normalized error: (Kates, 2008) , its analysis inside a HOA field, as described in Sec. IV B 2, provides an indirect measure of the phase reconstruction accuracy.
For a centered listening position, the consideration of the long-term magnitude and phase is sufficient for the case that a single anechoic sound source is reproduced. In the case that multiple sound sources or/and room reverberation are introduced, the different signal or reverberation components will overlap or rapidly fluctuate in time, frequency, and direction of arrival and thereby potentially provide timefrequency intervals with a highly increased or decreased (instantaneous) pressure error. The long-term pressure error of Eq. (21) will not be very sensitive to these short-term effects and will only provide a measure of an overall (frequency-dependent) deviation. However, since the signal analysis performed by the human auditory system as well as the processing of advanced HA enhancement methods will always involve some degree of temporal as well as spectral and spatial integration, it is expected that the long-term pressure error E HOA ðf Þ represents at least a first best-case approximation of these integration effects on the overall accuracy of a given HOA system. This aspect will be revisited throughout Sec. V C 1.
Loudspeaker array configuration
The geometry and number of loudspeakers of the HOA reproduction array were determined by considering the maximum HOA order of interest. Given the restriction L ! ðM þ 1Þ 2 (Ward and Abhayapala, 2001 ) and taking into consideration practical implementation issues (equipment cost and complexity), the maximum HOA order was set to M ¼ 7. Although that would require only a minimum of L ¼ 64 loudspeakers, such an array (assuming a quasi-regular configuration) was found to yield an inadequate maximum orthonormality error of E ¼ 0:578, corresponding to a matrix condition number of jðCÞ ¼ 6:26 % 16 dB (Moreau et al., 2006) .
In order to reduce the orthonormality error to a more acceptable value (E 0 ¼ 0:110, corresponding to a matrix condition number of jðCÞ ¼ 1:11 % 1 dB), this study employed an L ¼ 100 loudspeaker array, following the same quasiregular geometry (Fliege, 2007) used for the N Lt auxiliary sources modeling the RIR Late part (Sec. III A). According to Solvang (2008) , the larger than necessary number of loudspeakers impairs the region of the reconstructed sound field that is outside the sweet spot (kr > M), which is not of interest for the HOA application of the present study, since the latter mainly considers the signals at the ears and HA microphones of a listener placed at the center of the loudspeaker array.
HOA system noise
The HOA system noise is generated by the microphone array, which in literature is mainly evaluated using the WNG, a robustness metric originating from antenna theory (Meyer and Elko, 2004; Rafaely, 2005) . The WNG is defined as the output power of a microphone array (beamformer) due to unit-variance white noise at its sensors. However, in the case of a HOA encoding microphone, the microphone signals are combined to produce the driving loudspeaker signals, as seen in Eq. (15), rather than a single output.
Hence, in this study, the noise generated by the entire HOA system at the location of the listener inside the loudspeaker array was derived by assuming that the only input signal to the microphone array was the noise generated by the Q microphones of the array (i.e., microphone array operating in a source-free acoustic environment). Applying the encoding and decoding operations given in Eq. (15), the power spectral density (PSD) of the entire system noise was derived from the theory of random signals as
withT ðf ; l; qÞ being the lth row, qth column element of matrixT, introduced in Eq. (15), representing the filter that maps signals from the qth microphone to the lth loudspeaker; H TF ðf ; h l ; d l Þ being the loudspeaker-to-ear TF (see introduction of Sec. III C); and B(f) being the equivalent input noise (EIN) PSD of each microphone. The noise across single microphones was considered mutually uncorrelated.
D. Directional HA microphone and SNR benefit
Directional microphones produce an output that depends on both the direction and frequency of the impinging wave. When a virtual source is reproduced in a HOA system, all loudspeakers emit sound waves of different amplitudes and phase. Thus, the output of a directional microphone might be distorted, compared to the ideal anechoic sound field, in regions where the accuracy of the HOA sound field reconstruction is limited, exhibiting erroneous secondary lobes. To evaluate the effect of HOA sound field reproduction on the benefit achieved with a directional HA microphone, the "effective directivity" of a directional microphone was estimated. A first order delay-and-subtract cardioid microphone output was derived by using measured front and rear BTE-HA-microphone TFs (Oreinos and Buchholz, 2013) to map the HOA loudspeaker signals to HA microphone signals. The directivity parameter (Kates, 2008, p. 84 ) was adjusted to a ¼ 0:575 to best approximate the directivity pattern (with the HAs placed on the HATS) of an ideal cardioid pattern. The associated rear microphone delay was given by
where d mic ¼ 0:012 m was the inter-microphone distance for the employed BTE HAs. The resulting non-integer sample delay n s ¼ sf s (f s : sampling frequency) was implemented as a 64-sample-long sinc-type filter. The directivity index (DI) (Beranek, 1986 ) was employed to quantify the frequency-dependent distortions incurred by HOA on the effective directivity of the directional (cardioid) HA microphone. A quadrature approximation for the estimation of the DI was employed as below DI f ð Þ % 10 log 10 4pjp max f ð Þj
where pðf ; h i ; d i Þ is the directional HA microphone output due to a unit-amplitude source located at ðh i ; d i Þ; p max ðf Þ is the maximum directional output [occurring at the look direction ðh max ; d max Þ], a i are the quadrature weights (normalized so that P I i¼1 a i ¼ 4p), and I is the number of applied quadrature points. Here, a regular grid of I ¼ 900 quadrature points (Fliege, 2007) was employed, after shifting each point to align with the closest available HRTF measurement position (Oreinos and Buchholz, 2013) . The frequency-dependent look direction ðh max ; d max Þ was estimated only for the reference case and the same value was used to derive the DI for the HOA case. Moreover, the search for ðh max ; d max Þ was restricted to an area around the expected maximum direction defined by the spherical wedge (ungula): jhj < p=2 and jdj < p=12. This restriction was introduced to prevent any erroneous direction estimations due to possible large side lobes. Finally, the resulting DIðf Þ function was spectrally smoothed using a rectangular 1/3-of-an-octave-wide power smoothing window.
Since the DI is derived based on the pressure output relevant to i ¼ 1; …; I anechoic sources, it is not suitable to quantify the effects of HOA on the HA microphone effective directivity when HOA is employed to reconstruct a reverberant scene. In this case, the SNR benefit was used instead and, for that purpose, an in-room scene (see Fig. 2 ) comprising Source 1 as the target (signal) and Source 3 as the distractor (noise), was simulated (see Sec. III A 1). After deriving the HA microphone TFs for both in-room sources, via Eqs. (19) and (20), their inverse DFTs were convolved with different 10 s long anechoic recordings of male speech. The anechoic recordings were normalized to yield a long-term broadband SNR of 0 dB at the room receiver position, with the HATS removed.
Subsequently, frequency-dependent, long-term SNR values were calculated for: (1) an omnidirectional microphone output (i.e., only considering the front HA microphone) and (2) a cardioid HA microphone output. Those were respectively termed: SNR o ðf Þ and SNR c ðf Þ. The effective directional benefit was finally estimated, in dB, as DSNRðf Þ ¼ SNR c ðf Þ À SNR o ðf Þ.
All SNR values were computed in frequency bands using a filterbank of third order, 1/3-of-an-octave-wide Butterworth bandpass filters (as specified in ANSI, 2004), with center frequencies spaced 1/12-of-an-octave apart, from 157 to 8000 Hz. In addition to SNR o ðf Þ and DSNRðf Þ, the intelligibility-weighted and frequency-integrated SNR I o and DSNR I (Greenberg et al., 1993) were computed, with the applied frequency weights derived from the speech intelligibility index theory (as specified in Table III of ANSI, 1997) . This broadband SNR metric is widely used in the HA community to estimate the practically relevant benefit provided by a given directional signal processing method.
Finally, SNR and SNR-benefit estimation errors due to the HOA reconstruction were computed in a similar manner to Eq. 
IV. SIMULATION RESULTS

A. Microphone array noise
The overall noise in a HOA sound reproduction system is mainly caused by the noise inherent in the microphones of the encoding array. The solid line in Fig. 3(a) Fig. 3(a) ] was calculated via Eq. (22), using k ¼ 0:01 to derive the encoding-decoding matrixT. The noise was estimated at the center of the HOA loudspeaker array as well as at the left ear of a transparent head, considering a free-space condition inside the loudspeaker array. Both resulting noise PSDs were integrated in ERB-wide bands, as described above. Figure 3 (b) illustrates the effect on the system noise when placing an acoustic manikin (HATS) inside the HOA loudspeaker array. In this case, the noise PSD generated at the left HATS eardrum, integrated in ERB bands as before, was derived considering three regularization values (k ¼ 0:01; 0:001; 0:0001) to illustrate how the regularization affects the HOA system noise. The broadband root-mean-square (rms) power of the noise picked up by either HATS' eardrum microphone for the three above regularization values was estimated as: N ear rms ¼ 40; 55; 64 dB SPL. These eardrum rms levels correspond to the following freefield rms levels: N ff rms ¼ 33; 42; 57 dB SPL, considering a diffuse sound presentation.
For reference purposes, Fig. 3(b) shows the diffuse-field minimum audible pressure (MAP: Moore, 2012, p. 58) . The MAP values were derived by mapping minimum audible field values for diffuse-field listening, given in ISO (2005) , to the HATS ears. This mapping was performed using the diffuse-field average HRTF, as calculated from the employed HRTF data set. For all regularization values, the HOA system noise is higher than the MAP and as such, it should be considered audible.
In the remainder of the study, unless otherwise noted, the regularization parameter was fixed to a practically relevant value of k ¼ 0:01.
B. Anechoic virtual source reconstruction
HOA pressure errors
The upper panels of Fig. 4 show the magnitude of the pressure for the reference condition (Fig. 1, path 1 path 2) and Encoding and Decoding (Fig. 1, path 3) cases were considered separately to illustrate the effect of using a HOA microphone. For both cases it is shown that reproducing sources lying contralateral to the considered ear increases the HOA reconstruction errors.
Comparing the Decoding-only to the Encoding and Decoding cases illustrates that the considered spherical microphone only incurs considerable high frequency artifacts when the anechoic virtual source is contralateral to the considered ear. Such high frequency artifacts can be attributed to spatial aliasing (Rafaely, 2007) roughly occurring above f al % 7:4 kHz, as estimated using Moreau et al. [2006, Eq. (29) ].
While Fig. 4 presents HOA errors when using a basic decoding scheme, as given in Eq. (7), Fig. 5 shows the HOA pressure errors when applying the max-r E decoding, i.e., using the modified decoding matrix given in Eq. (8) at high frequencies. The max-r E decoding was found to perform best when activated above f x ¼ M Á 800 Hz. Setting the crossover frequency such that f x > f HOA [Eq. (5)] ensured that the region of accurate HOA reconstruction was left intact. Comparing Figs. 4 and 5 illustrates that the max-r E decoding decreases the pressure errors at high frequencies and thereby increases the usable frequency range. It is thus suggested that the applied max-r E decoding not only improves the high-frequency reproduction perceptually (as explained in Sec. II C), but also in an objective and measurable manner.
Whereas Figs. 4 and 5 illustrate the HOA pressure errors for two example virtual sources, Fig. 6 presents the pressure errors for evenly distributed (single) virtual sources covering the entire horizontal plane with an azimuth spacing of Dh ¼ 5
. Figure 6 (a) presents the Decoding-only case (Fig.  1 , path 2) with no acoustic manikin inside the array (freespace). The errors, denoted by the solid curves marking the jE HOA ðf Þj 2 dB threshold, systematically emerge just above the commonly employed f HOA limit, as indicated by the dashed-dotted line. Figure 6 (b) also presents the Decoding-only case but considers the HATS (left ear as denoted by the vertical dotted lines in the plots) inside the HOA loudspeaker array. Now the errors exhibit a strong dependency on the position of the virtual source, with the contralateral sources yielding errors that build up almost an octave lower than the f HOA limit. Figure 6 (c) presents the Encoding and Decoding case (Fig. 1, path 3) while also including the HATS inside the loudspeaker array. The microphone array is thus shown to increase the pressure errors particularly for the contralateral virtual sources.
To further analyze the effect of HOA encoding on the pressure errors, Fig. 7 shows the 2 dB error threshold as a function of azimuth with the amount of regularization, k, as parameter. Figure 7(a) shows the pressure errors for the left ear of a transparent head and Fig. 7(b) shows the pressure errors for the left ear of a HATS. The plots further highlight that the errors introduced by the microphone array encoding: (1) mainly occur when the HATS is considered inside the HOA loudspeaker array, (2) are pronounced for contralateral source directions, and (3) require unrealistically small regularization values k if they are to be mitigated.
In order to further illustrate the direction-dependent accuracy of the HOA reconstruction when a listener is located inside the reproduced sound field, pressure errors were calculated for 400 virtual sources quasi-regularly (Fliege, 2007) positioned on a sphere (after being shifted so that each node aligns with one of the HRTF measurement positions, as Figure 8 shows the resulting errors, as surface plots on a sphere, for an example M ¼ 7 Encoding and Decoding system, calculated at the frequency of 5 kHz. As before, the errors were calculated for the left ear of a HATS placed inside the simulated sound-field. Similar to Fig.  6 , the plots show that the reconstruction errors are heavily position-dependent, with the ipsilateral virtual sources yielding lower errors compared to the contralateral sources. The effect of source direction on the pressure errors at the listener's ears was further quantified by repeating the described analysis (separately for each frequency point) using various HOA systems of orders M ¼ 1; 2; :::; 7 and estimating the percentage of the 400 reconstructed sources that resulted in jE HOA ðf Þj 2 dB. The left column in Fig. 9 shows the derived percentage of accurately reproduced sound sources as a function of frequency, with the HOA order M as parameter, for the cases of a transparent head and HOA Decoding-only [ Fig. 9(a) ], a HATS and HOA Decoding-only [ Fig. 9(b) ], a HATS and HOA Encoding and Decoding [ Fig. 9(c) ]. For the transparent head, sound sources from all directions are successfully reproduced (within jE HOA ðf Þj 2 dB) up to an order-dependent cutoff frequency, above which practically all sources exceed the error criterion thus yielding a very steep drop-off in the percentage of accurately reproduced sound sources [ Fig. 9(a) ]. This abrupt cutoff behavior is not observed when a HATS is considered inside the HOA sound field [Figs. 9(b) and 9(c)]. Due to the source directiondependent nature of the pressure errors shown in Figs. 6 and 8, sources from mainly the contralateral directions exceed the error criterion at lower frequencies than sources from mainly the ipsilateral directions. As a consequence, the orderdependent frequency roll-off of the percentage of accurately reproduced sound sources shown in Fig. 9(b) is much shallower than in Fig. 9(a) . This effect is even more pronounced when the HOA encoding process is additionally taken into account [ Fig. 9(c) ]. Moreover, in the latter case the curves for orders M ! 5 roll-off at almost the same frequency, highlighting that the regularization required in the encoding process limits the effective HOA order and, thus, also limits the usable frequency range of the accurately reproduced HOA sound field.
The intersections of the three horizontal dashed-dotted lines shown in Figs. 9(a)-9(c) with the above-described error curves are plotted in Figs. 9(d)-9(f) as a function of the HOA order M. The resulting curves illustrate HOA cutoff frequencies below which 50%, 75%, or 95% of the 400 sources are reproduced within an error tolerance of jE HOA ðf Þj 2 dB. It can be observed that when a HATS is considered inside the HOA sound field [ Fig. 9(e) ], increasing the HOA order results in a usable frequency range benefit that diminishes when applying a stricter error criterion. As expected, this behavior is further pronounced when the HOA encoding process is additionally taken into account [ Fig. 9(f) ], showing that increasing the HOA order above M ! 2 has no practical effect on the 95% thresholds, while above M ! 5 no practical effect is either observed on the 75% thresholds. However, even when a HATS is considered inside the HOA sound field [Figs. 9(e) and 9(f)] the 50% threshold remains in good agreement with the rule-of-thumb ðf HOA Þ described in Sec. II B.
Directional HA-microphone HOA errors
To evaluate the effect of HOA on the directional response of an example cardioid HA microphone worn on HATS, three-dimensional "effective directivity" patterns were derived by considering the HA microphone operating inside the sound field generated by the HOA loudspeaker array. These effective directivity patterns were calculated for the Reference case (Fig. 1, path 1) and the Encoding and Decoding case (Fig. 1, path 3) , considering the HOA orders M ¼ 3, 7. They were calculated as the output of the directional HA microphone due to a unit-amplitude virtual source considered, in succession, at all 1784 points available at the employed HRTF database. The virtual sources were reproduced via a direct mapping (Sec. III B), for the Reference case, and via HOA sound-field coding, for the Encoding and Decoding case. The directional output was finally normalized by the maximum observed value.
The top panels of Fig. 10 show the effective-directivity patterns in the horizontal plane, derived after averaging the (frequency-dependent) cardioid HA microphone output responses in 1/3-of-an-octave bands around the example center frequencies f ¼ 500 Hz and f ¼ 4000 Hz. The minimum values were clipped at À30 dB for improved readability. At f ¼ 500 Hz both HOA orders are sufficient to preserve the Reference (inherent) cardioid HA microphone directivity. At f ¼ 4000 Hz the third order system is well above its cutoff frequency, leading to heavily distorted effective-directivity patterns, while the seventh order system just approaches that limit.
Figure 10(c) shows the DIðf Þ relevant to the effective HA directivity patterns described above (Sec. III D). It can be seen that HOA affects the DIðf Þ slightly at low frequencies (up to %400 Hz) but more considerably above a cutoff frequency of about 2 kHz for M ¼ 3 and about 5 kHz for M ¼ 7. The high frequency errors are due to HOA introducing side-lobes and slightly rotating the maximum of the main lobe as seen in Fig. 10(b) .
C. Reverberant virtual source reconstruction
HOA pressure errors
In Sec. IV B the accuracy of the HOA sound field reproduction was evaluated for anechoic sound sources. Even though literature mainly considers this case, it does not necessarily reflect the behavior inside realistic environments where reverberation is present. Hence, a similar HOA evaluation as described in Sec. IV B is herein presented, but this time with the sound sources considered inside a simulated room (see Sec. III A 1).
Applying the methods described in Sec. III C, the pressure at the left ear of the HATS, placed inside the HOA loudspeaker array, was calculated for the sound sources Src. 1 (h src ¼ 0 ) and Src. 2 (h src ¼ À60 ) inside the considered room of Fig. 2 . The resulting pressure spectra H Ref ðf Þ for the reference case (Fig. 1, path 1) are shown in Figs. 11(a) and 11(b). Similar to Fig. 4 , the corresponding errors E HOA ðf Þ introduced by the HOA Decoding (Fig. 1, path 2) as well as the Encoding and Decoding (Fig. 1, path 3) are shown in Figs. 11(c) and 11(d) for an employed HOA order of M ¼ 3 and M ¼ 7. Compared to the anechoic case (Fig. 4) , the long-term pressure errors are considerably reduced when room reverberation is included.
Whereas in Fig. 11 the basic HOA decoding scheme is applied, Fig. 12 shows the HOA pressure errors for the case that the max-r E decoding is applied at high frequencies. Similar to the anechoic case (Fig. 5) , the max-r E decoding results in a significant reduction of the HOA errors at high frequencies and thereby increases the usable frequency range.
Directional HA-microphone HOA errors
In Sec. IV B 2 where anechoic sound sources were considered, the effect of HOA on the output of a directional HA microphone was evaluated by considering its effective directivity pattern as well as the relevant DIðf Þ. In the reverberant case, such measures cannot be applied and therefore the (Fig. 1, path 3) . Gray-shaded areas indicate 62 dB error boundaries.
In contrast to the anechoic case shown in Fig. 10 , where the HOA processing considerably affects the output of a directional HA microphone at high frequencies, in the reverberant case both the SNR measured with an omnidirectional HA microphone and the SNR benefit provided by a cardioid HA microphone are only slightly affected by the HOA processing (at least for M ¼ 7). Hence, the diffuse reflections seem to mitigate to some extent the timeintegrated sound field errors introduced by HOA at high frequencies.
So far, the SNR has been reported in a frequencydependent manner. Applying an intelligibility-motivated weighting, as described in Sec. III D, the broadband SNR at the output of an omnidirectional HA microphone (SNR I o ) and the SNR benefit achieved by a cardioid HA microphone (DSNR I ), as well as the corresponding errors introduced by the HOA Encoding and Decoding (Fig. 1, path 3 ) for M ¼ 3 and M ¼ 7 are summarized in Table I . The results highlight that in a reverberant environment even a low order (M ¼ 3) HOA system could probably be successfully used to evaluate the effect of a directional HA microphone. Recording and then encoding a real-life acoustic scene constitutes one of the key components of creating VSEs. Due to a number of practical limitations, as discussed in Secs. II D and IV A, the HOA system noise incurred by the HOA microphone encoding needs to be carefully considered when designing and implementing such sound environments. In this respect, the analysis of Sec. IV A illustrates that the HOA system noise strongly depends on the estimation position inside the loudspeaker array. For a reasonable regularization value of k ¼ 0:01, Fig. 3(a) shows that, when no listener is present, the integrated PSD of the total HOA system noise at the center of the loudspeaker array (dashed-dotted line) is well below the EIN of the single sensors of the FIG. 14. SNR-benefit, DSNRðf Þ, provided by a cardioid HA microphone and the corresponding HOA error, derived for the same acoustic scene and HOA system as used in Fig. 13 . The gray-shaded areas indicate the 62 dB error boundaries. (Fig. 1, path 3 Considering the integrated noise at the ears of a listener (HATS) inside the loudspeaker array, results in an even larger total HOA noise PSD, as shown in the three top curves of Fig. 3(b) . Besides the reduced cancellation of correlated noise components, this increase can be explained by acoustic diffraction and resonance effects of the body, head, and pinnae. Interestingly, for the chosen microphone and loudspeaker array topologies, the PSD of the HOA system noise has a maximum at %3 kHz. This is the combined effect of the ear-canal resonance (Blauert, 1997) and the specifics of the HOA microphone equalization filtersH eq;m ðkRÞ [see Eq. (14)]. Unfortunately, this maximum occurs at a region where the normal auditory system is most sensitive. The comparison to the MAP in Fig. 3(b) also shows that for all regularization levels considered in this study, the total HOA system noise is clearly audible to a normal-hearing listener.
However, the audibility of the HOA system noise will also depend on the level and complexity (or type) of the recorded acoustic scene. Due to auditory masking effects the HOA system noise may be inaudible, or at least may not considerably disturb the listening experience. Hence, future research should look into optimizing the regularization in the HOA encoding process by considering the individual sensor EIN and the HOA microphone and loudspeaker array configuration in conjunction with the specifics of the scene to be recorded. In that direction, acoustic scene-dependent regularization, or even time-dependent regularization controlled by a short-time signal power analysis could be considered. Moreover, future research needs to separately examine the effect of the HOA system noise on various signal enhancement algorithms implemented on hearing devices which operate inside the HOA sound field.
B. HOA errors for anechoic source reconstruction
HOA pressure errors
Section IV B 1 evaluated the HOA pressure errors in a loudspeaker array with and without a listener being present. The case omitting the listener was mainly introduced as a point of reference. The good agreement between the results of this study and the results presented in the relevant literature (Ward and Abhayapala, 2001; Daniel, 2001; Poletti, 2005; Moreau et al., 2006; Epain et al., 2010) confirmed the general applicability of the described HOA simulation and evaluation methods. For example, the previously reported cutoff frequency f HOA of Eq. (5), above which the HOA pressure errors drastically increase, was herein confirmed [see Figs. 9(a) and 9(d) ]. Similarly, this study confirmed the decrease of HOA pressure errors at high frequencies due to the max-r E decoding, as previously reported (Daniel et al., 1998; Daniel, 2001; Murillo et al., 2014) .
The systematic evaluation of the case when a listener (HATS) is present inside the HOA loudspeaker array provides one of the main contributions of this study. In this case, the aforementioned cutoff frequency f HOA does not apply anymore and needs to be revised. As illustrated in Figs. 6, 7, and 8, the HOA pressure errors at the HATS inear microphone are highly source-direction dependent. Applying a threshold criterion such that the HOA pressure errors are restricted to jE HOA ðf Þj 2 dB, this cutoff frequency is almost unaffected for frontal sources, but highly reduced for sources that are contralateral to the considered ear. This holds true regardless of whether the processing chain includes the HOA encoding microphone or not.
This observation is important when taking into account binaural hearing in complex acoustic environments. The importance can be best illustrated by considering the simple scenario of a listener attending to a frontal target talker, in the presence of a lateral distractor. Due to head shadow effects, the ear that is contralateral to the distractor provides a better SNR. The same consideration applies in more complex scenes, where auditory better-ear glimpsing mechanisms take advantage of short-term SNR differences between the two ears (Glyde et al., 2013) . Hence, any HOA reconstruction error that affects the contralateral ear, potentially affects the ear with the better (short-term) SNR and thus might reduce the ability of a listener to understand speech at low SNR values.
The described reduction of the usable HOA frequency range when a listener is considered inside the loudspeaker array is further aggravated when a HOA microphone array is considered in the sound-field reconstruction chain. This is particularly true for the reproduction of sources that lie contralateral to the considered ear (Fig. 8) . Whereas for a regularization value of k ¼ 0:01 the microphone array has no noticeable effect on the HOA pressure errors for frontal sources, a much smaller value of k ¼ 0:0001 is required to eliminate errors induced by the microphone array for sources lying around h src ¼ À60
(right side). Since lower regularization activates higher-order HOA components at lower frequencies, it can be deduced that those higher-order HOA components are required to correctly reproduce contralateral sources, even at relatively low frequencies. This aspect is also the reason why in Figs. 9(b) and 9(c) even a seventh order HOA system provides only a very narrow frequency range where 100% of the 400 considered sources are correctly reproduced. On the contrary, in the case when no listener is considered inside the loudspeaker array, the HOA pressure error is much less affected by the microphone array and a regularization value of k ¼ 0:01 seems to be sufficient for all source directions. frequency described in Sec. IV B 1. However, above this cutoff frequency, HOA rotates the direction of the main lobe maximum and introduces erroneous side lobes, as illustrated in Fig. 10(b) . Both phenomena affect the DI [ Fig. 10(c) ] relevant to the effective directionality of the considered HA microphone. Moreover, Fig. 10(c) illustrates that the HOA sound field consistently underestimates the DI at very low frequencies. This error does not appear in the HOA Decoding-only case (results not shown here) and can be purely attributed to over-regularization in the HOA encoding process at low frequencies. The over-regularization does not cause significant pressure errors at the ear or single HA microphone (Sec. IV B), but it affects the output of a directional HA microphone where the small pressure errors of the single microphones are amplified by up to 30 dB due to the inherent differentiation operation (Kates, 2008, Figs. 4-7) . However, it is unclear if this limitation provides a practical limitation for testing directional HAs. Due to phase and amplitude mismatches of the two microphones commonly used in HAs as well as due to noise considerations, very little or no directionality is typically applied at low frequencies. Moreover, due to acoustic leakage at low frequencies the acoustic path usually dominates over the HA path and thus, the directional microphone output is usually ineffective.
C. HOA errors for reverberant source reconstruction 1. HOA pressure errors
Comparing Fig. 11 with Fig. 4 illustrates that the reproduction of a reverberant sound source gives rise to lower HOA pressure errors than the reproduction of an anechoic sound source and thereby decreases the required order M of the HOA reproduction system. The advantage is pronounced at the contralateral ear for lateral sources, that is, the condition where, in the anechoic case, the HOA sound field reproduction appeared most problematic (Sec. V B 1). This is due to the head shadow effect that reduces the directional energy of the direct sound at the contralateral ear but not the diffuse energy of the reverberation and thus reduces the direct-toreverberant energy ratio. Hence, the diffuse reverberation partially masks the direct sound and the associated errors introduced by HOA.
Hence, it can be concluded that even though the reproduction of the spectral, temporal, and spatial details of the individual reverberant components (or reflections) is physically limited in the same way as discussed for an anechoic sound source, the individual errors seem, on average, to partially mask or cancel out each other. This consideration may be compared to moving the source-receiver pair (see Fig. 2 ) to different locations inside the virtual room. Even small changes in location drastically change the spatial, temporal, and spatial details in the room's response, but will not considerably change the statistical behavior. Listeners inside the room are typically not even aware of these acoustic changes. Nevertheless, it is unclear how the described reduction of the (integrated) pressure error provided by room reverberation generalizes to auditory perception or advanced HA processes. Auditory phenomena such as the precedence effect (Blauert, 1997) , for example, are assumed to utilize echofree signal onsets, which may well be distorted by the HOA processing. Ultimately, there is still a need to conduct listening tests that systematically analyze the HOA errors, using adequate perceptual measures. Such tests need to be relevant to all HA signal processing methods of interest operating inside appropriate acoustic environments.
In order to ensure that the above observations were not merely an artifact of the chosen scenario, the source-receiver configuration shown in Fig. 2 was re-simulated in different locations inside the virtual room. Although the detailed behavior of the HOA pressure errors differed from location to location, the above findings were confirmed. Moreover, this analysis revealed that the HOA pressure errors were well-behaved up to a frequency of at least 10 kHz, even for the third order system.
It should be noted that although the amount of reverberation provided by the considered acoustic scenario was rather low, it provided a significant amount of reduction of the HOA pressure errors. The simulated acoustic space was a meeting room with a reverberation time of T 30 ¼ 0:3 s and a critical distance of r c % 0:85 m. Thus, the distance between the sources and the receiver (1 m) was only slightly larger than the critical distance. To further investigate the effect of reverberation on the accuracy of HOA sound field reproduction, a larger and more reverberant room was simulated and a similar analysis as described above was carried out. The acoustic space was a medium-sized lecture room (6.7 Â 9.5 Â 3.0 m) with a reverberation time of T 30 ¼ 0:6 s and a critical distance of r c % 1:4 m. Although details are not reported here, for a source-receiver configuration as shown in Fig. 2 , the reduction in HOA pressure errors provided by this larger room was slightly stronger than for the meeting room discussed before. Moreover, the case of an increased source-receiver distance of 2 m was considered for a frontal sound source. As expected, the increased amount of reverberation resulted in a further reduction of the HOA pressure error.
The potential increase of the usable frequency range of a HOA system reproducing reverberant environments can be even further extended by replacing the basic HOA decoding with the max-r E decoding at high frequencies (Fig. 12) . In this case a seventh order HOA system that employs the example microphone and loudspeaker array described in Secs. III B 1 and III C 2 can achieve a usable frequency range of more than 7 kHz, which is considerably higher than the $4 kHz cutoff frequency found in the anechoic case (Fig. 5) .
Directional HA-microphone HOA errors
Figures 13 and 14 illustrate the effect of HOA sound field reproduction on the long-term SNR at the output of a single (frontal) HA microphone as well as the SNR benefit at the output of a directional HA microphone for the reverberant scenario shown in Fig. 2 . The incurred errors appear well controlled for most of the considered frequency range of up to 10 kHz. This is even true for low frequencies, where the (anechoic) directivity pattern was distorted by the regularization applied in the HOA encoding process (Sec. V B 2).
Even though an asymmetric scene is considered here with a frontal target and a lateral distractor source, the HOAincurred errors of both the SNR and SNR benefit are very similar for the left and right HA. Since the SNR is derived by dividing the energy of the reverberant target and distractor sources, the HOA errors of the two sources are combined in a complicated manner. Hence, no clear conclusions can be drawn on whether the HOA errors are lower at the ear ipsilateral or contralateral to the distractor source.
Finally, the intelligibility-weighted SNR and SNR benefit for the discussed reverberant scenario were consistently underestimated (i.e., the applied HA directional microphone yielded a lower SNR benefit inside the HOA sound-field), albeit by no more than 1.1 dB even for the third order HOA system. It remains unclear, however, if errors of that magnitude are perceptually important. Hence, listening tests using either a real HOA system or simulated HOA sound fields presented via headphones need to be conducted to quantify such errors in terms of their effect on speech understanding. This is particularly important, given that the intelligibilityweighted SNR benefit does not take into account the temporal and spatial variations of the reverberant masker.
VI. CONCLUSIONS
As widely discussed in the relevant literature, HOA can only successfully reproduce a given sound field inside a limited area (the sweet spot) of the playback loudspeaker array and only for a limited frequency range. In the free-field case, the size of this sweet spot as well as the upper cutoff frequency are mainly determined by the employed HOA order. However, this study additionally showed that when a listener is considered inside the loudspeaker array, which implies that the sweet spot is at least the size of the head, the usable frequency range also depends on the direction of the reconstructed sources. This is particularly prominent for anechoic sources lying contralateral to the considered ear, where the usable frequency range is considerably reduced due to head shadow effects.
It was also shown that the accuracy of the HOA sound reproduction is considerably improved when reverberant sound fields are considered. Diffuse reverberation can mask HOA errors of a target source, in particular, at the contralateral ear, and effectively increase the usable frequency range for a fixed HOA order system. These considerations even hold true when considering the SNR and SNR benefit at the output of a directional HA microphone placed on a listener's head. At least this is the case when long-term (or temporally-integrated) performance measures are applied, as it is usually done in HA research and development. Temporal details such as transients or echo-free onsets are still limited by HOA in a similar manner as anechoic signals. Thus, it needs to be further evaluated with appropriate listening tests involving HAs if/when these temporal details are objectively or perceptually relevant when listening in reconstructed realistic environments.
Following the detailed analysis provided in this study, a seventh order HOA system appears to provide a usable frequency range of about 6-7 kHz to a listener when realistic (reverberant) environments are considered. Since the considered frequency range for most HA applications is about 5-6 kHz, it is suggested that a seventh order HOA system should be suitable for testing HAs. However, this HOA order requires at least 64 loudspeakers and as many microphones, which should optimally be positioned in a quasi-regular manner on the surface of a sphere. Such large arrays are expensive and difficult to realize and thus, are often not available.
Mixed-order ambisonics (MOA: Favrot et al., 2011 ) is a promising method that can help reduce the required number of loudspeakers and microphones. MOA provides an increased spatial resolution in the horizontal plane by combining a given 3D HOA system with a higher-order twodimensional (2D) system. This is achieved by employing loudspeaker and microphone arrays with an increased density of sensors on the equator (i.e., in the horizontal plane). The approach takes advantage of the fact that most real-life sound sources are located in the horizontal plane, while the remaining off-horizontal plane components are primarily related to the ERs and the (diffuse) reverberation. The previous rationale is moreover supported by the fact that the spatial resolution of the auditory system is much higher in the horizontal plane than in the vertical plane. In this regard, a 2D HOA system can be considered as an extreme case that may be sufficient for some applications. An alternative strategy to increase the effective spatial resolution of a HOA system is to apply some direction-of-arrival estimation technique (Noohi et al., 2013) . However, this approach relies on the spectral, temporal, and spatial sparsity and statistical independence of the acoustic scene sources, and may not be easily applied to very complex and reverberant scenes.
It should be mentioned that even though a number of practical limitations were taken into account in the described HOA system analysis (e.g., the realistic noise inherent in the microphone array), a number of other practical limitations were not considered. For instance, the employed microphone and loudspeaker arrays involved a considerable number of sensors/sources that were quasi-regularly positioned on the surface of a sphere. Reducing the number of the microphones and the loudspeakers can have a significant impact on the overall system performance. Moreover, mismatches in the sensitivity/phase and positioning errors on the microphone array side, as well as a non-reflection-free environment in the loudspeaker playback-room side will have adverse effects on the system's accuracy and thus need to be carefully compensated.
Another remark that should be made is that the present study quantifies the HOA errors as deviations from the ideal real-life (albeit simulated) sound field. That may be an overly sensitive or even misleading performance measure. Since listening tests that are currently performed in the laboratory employ rather simple and artificial scenes, the increase in realism and complexity that can be achieved even with a low-order HOA system may well outweigh the introduced sound field errors. This consideration again highlights the need for further behavioral studies that evaluate the subjective importance of HOA errors in an applied context. Finally, it should be mentioned that in this study only the effect of HOA coding on the input and output of a linear, directional HA was considered. Future studies will need to investigate other aspects of HA processing, which, for instance, should include the effect of nonlinear amplification, noise reduction, scene classification, and adaptive directional microphones (or beamformers). Moreover, future research should also consider limitations of the impaired auditory system, which may be less sensitive to some of the artifacts created by the HOA coding.
